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Abstract. In Serious Games, in particular in learning and training games, the 
assessment of competencies and skills is crucial for monitoring learning progress, 
tailoring learning experiences, and providing individual formative feedback. A 
sound psychometric diagnostic of competencies is not trivial, however. Conven-
tional scoring techniques have severe shortcomings in terms of accuracy and the 
degree to which actionable information can be drawn from them. In this paper 
we introduce Cognitive Diagnostic Models and in particular Competence-based 
Knowledge Space Theory as theoretical underpinnings of in-game competence 
assessments. We exemplify the approach by a gamified mathematics learning 
scenario named Mathiade and illustrate the steps of developing, implementing, 
and evaluating competence models.  

Keywords: Competence Assessment, Cognitive Diagnostic Models, Compe-
tence-based Knowledge Space Theory, Mathematics 

1 Introduction 

Digitization is changing education; there is a strong movement toward stronger com-
petence-orientation, formative and contextualized assessments, as well as evidence-
based personalization of learning. Along with these developments, digital games are 
about to play an increasingly important role. Educational games, in a very natural way, 
focus on the learners’ competencies and skills, they can provide clear goals and rules, 
a relevant learning context, an engaging storyline, immediate feedback, a high level of 
interactivity, challenge and competition, random elements of surprise, and rich and ap-
pealing learning environments. These factors not only determine motivation to play but 
are also considered important for successful and effective learning. Meta-reviews [1, 2, 
3] revealed that digital games can significantly increase learning success as opposed to 
conventional learning media, even though the effect sizes are generally moderate. A 
substantial body of research reported that a key element of a serious game’s success is 
a suitable personalization and balancing of learning and gaming experiences [4]. This 
endeavor, however, requires a solid understanding of individual learning processes, 
strengths, weaknesses, knowledge gaps, and learning dispositions by a game as an au-
tonomous tutorial system. In other words, individualized learning and gaming require 
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valid, reliable, and accurate assessments [5]. The approaches to in-game assessment 
and non-invasive adaptation of games have been refined significantly over the past dec-
ade [6]. State-of-the-art psychometric methods include the concept of stealth assess-
ment [7], which is a method for embedding assessment seamlessly into games. A dif-
ferent approach to stealth assessment was introduced by [8]; it applies recurrent neural 
networks (long short-term memory networks) models for assessment. In addition, there 
exist structural, combinatorial models [9], cognitive classification models [10], Bayes-
ian approaches [11], latent variable models [12] and methods from the fields of learning 
analytics research [13] and machine learning [14]. The likely most popular combinato-
rial methods are Cognitive Diagnostic Models (CDM) [15]. 

1.1 Cognitive Diagnostic Models and Knowledge Space Theory 

Cognitive Diagnostic Models (CDMs) or Diagnostic Classification Models represent a 
psychometric framework for collecting, analyzing, and reporting diagnostic data. 
CDMs provide discrete multivariate fine-grained diagnostic feedback information 
about learners’ strengths and weaknesses for developing targeted instruction and per-
sonalized support [16]. Knowledge Space Theory (KST) [17] can be considered a mem-
ber of the CDM family. [18] for example, have elaborated on the relationships between 
CDM and KST. It represents a structural, combinatorial approach, which may serve as 
a counterpart to the statistical models. The starting point is the notion of a so-called 
knowledge domain, which is a set of problems taken from a certain area. For instance, 
additions, subtraction, multiplication, and division of positive integers are problems of 
the domain basic algebra. To provide an example, assume that the knowledge domain 
Q = {a, b, c, d, e, f} consists of six problems a, b, c, d, e, and f. The performance state 
of a person is represented by the subset of problems from Q that the person can solve. 
However, if we look at the answer patterns a sufficiently large number of subjects ex-
hibit on these six problems, then most certainly not all possible subsets (there are 2|Q| 
= 64 subsets in our example) will actually occur. A person who can solve a problem 
that requires multiplying two positive integers will also be capable of solving a problem 
that involves an addition of two positive integers. This means that from a correct solu-
tion to the first problem we can surmise a correct solution to the second problem. This 
kind of mutual dependency is captured in a so-called prerequisite relation. By this rela-
tion, the number of performance states is restricted: items cannot establish a perfor-
mance state without their prerequisite items. The collection of the performance states 
corresponding to a prerequisite relation is called a (quasi-ordinal) performance space 
(or knowledge space). The original concept of KST only operated on the observable 
performance dimension. To account for the underlying latent cognitive processes, the 
approach has been extended, emphasizing the underlying latent competences, which 
are necessary to solve a problem. Such extensions came, for example, from [19, 20, 
21]. We subsume the approaches, specifically that of [21], under the term Competence-
based Knowledge Space Theory (CbKST). Competences (skills, knowledge, aptitude) 
can be defined as a fine-grained (often termed atomic) latent theoretical construct which 
determines a person’s observable behavior respectively performance, i.e., if a person 
solves a test item/task or not. Competence and performance structures can be mapped 
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to each other utilizing interpretation respectively representation functions. On this ba-
sis, a latent, structural competence model can be established, describing individual 
competence states and learning paths. A particular advantage is that learning processes 
– from the stage of holding none of the skills and competencies of a domain to pos-
sessing all – are not seen as a linear, unidimensional approach but a rather multidimen-
sional processes with multiple, individual learning paths [5]. KST models have been 
advanced in various applied directions [17], and they have been applied in the field of 
adaptive serious games.  

KST provides several standard validation methods. These methods investigate the 
consistency of empirical answer patterns and the patterns hypothesized by a knowledge 
(or competence) structure. Different numerical measures have been proposed, for ex-
ample, the Discrepancy Index [22] or the Distance Agreement Coefficient [23] or the 
Minimal Symmetric Set Difference [24], which likely is the most common metric. An 
important quality indicator for the structural competence modelling approach KST is a 
size-fit trade-off; with increasing model size (number of competence/performance 
states) the fit (the number of explained empirical answer patterns) increases automati-
cally. A validation method to account for this trade-off was presented by [25]. The 
principal idea is to compare all possible prerequisite relations for a given set of compe-
tences (or items) and select the one that offers the best fit to a set of empirically ob-
served answer patterns. The method offers statistical data about the relations between 
the cumulative relative frequencies of partial order types, number of relations in a par-
tial order, and a certain goodness-of-fit-criterion.  

In this paper we demonstrate the potential of CDM in general and CbKST in partic-
ular, to conduct a fine-grained competence-oriented assessment. We exemplify the ap-
proach in high school mathematics in the domain of fractions. In a first step we explain 
the development of a competence model and in a second step we evaluate the model 
with the data from a gamified math app. 

1.2 Modelling the Domain of Fraction Arithmetic 

Fraction arithmetic presents students with complex challenges and requires students to 
have a solid understanding of the basic concepts in arithmetic. We started the generation 
of a CbKST-type competence model by analyzing curricula, for example, Lehr-
planPLUS (www.lehrplanplus.bayern.de) and the relevant literature in math didactics 
(e.g., [27]). A systematic content analysis revealed a set of key skills (cf. Table 1). The 
level of granularity of the model depends on the nature of tasks. In other words, with 
certain task types it is possible to identify certain skills and sets of skills. To avoid an 
unnecessary large model, the key skills have been grouped into nine distinct competen-
cies (Table 1).  

In a next step, we developed the CbKST-type surmise relation among the competen-
cies. The surmise relation states whether we can assume from mastering one task the 
mastery of another. This relation is shown in Fig. 1, left panel. This graphical represen-
tation is identical with the Q matrix of CDMs.  The graph reads from bottom to top; 
lower competencies are considered prerequisites of higher ones (e.g., c1 is a  
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Table 1. Competencies in the domain of fraction arithmetic. 
 

Level Description Skill Competency 
1. Basic mathematical concept a1 c1 
2.  Whole number arithmetic 

 
b1 c2 

Mathematical symbols b2 
Non-symbolic representations b3 
Non-symbolic proportional reasoning b4 
Number line estimation b5 
Equivalence of ratios b6 

3. Multiplication 
with whole number 

c1 c3 

Division 
with whole number 

c2 

Addition 
with whole number 

c3 

Subtraction 
with whole number 

c4 

4. Recognizing equivalent fractions d1 c4 
Ordering fractions d2 
Describing fractions in different form d3 
Knowledge of fraction magnitudes d4 

5. Multiplication 
with fractions 

e1 c5 

Division 
with fractions 

e2 c6 

Subtraction 
with fractions 

e3 c7 

Addition 
with fractions 

e4 c8 

6. Reduce fractions f1 c9 
 
prerequisite of c3). Competence c9 is considered independent from the others, which 
are built upon each other. From the surmise (or prerequisite) relation we can derive the 
competence structure by set inclusion (Fig. 1, right panel). The competence structure 
(depending on its mathematical properties, it is called competence space or learning 
space [17]) is the set of all admissible states – i.e., the combination of competencies – 
in which a learner can be if the assumed surmise relation is true. The competence struc-
ture includes the empty and the full set of competencies.  The edges of the graph indi-
cate admissible learning paths.  

1.3 Mathiade: A gamified math competition 

In educational settings, gamification is utilized primarily to facilitate learners’ motiva-
tion, engagement, concentration, probably decrease frustration and thus – as the ulti-
mate consequence – improve (learning) performance [28]. There is a broad range of 
studies investigating the effects of various gamification applications in education. Ma-
thiade is a gamification scenario for an entire lesson in a classroom setting that com-
bines competition and cooperation in mathematics learning, both are supposed to be  
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Fig 1. The left panel shows the surmise relation for the domain described in Table 1; the right 
panel shows the resulting competence structure.  

 
strong facilitators of performance. In educational settings, leaderboards represent rank-
ings of learners according to certain measurable variables, including performance, 
achievements, diligence, and perseverance. [29]. Leaderboards compare these variables 
of individuals with several opponents and, thereby, induce a competitive environment. 
Competition, in turn, is considered a key element of game and play, that is supposed to 
encourage learners to persistently carry out certain tasks. As [30] pointed out, the board 
leaders may provide others with a (more or less desirable) goal to reach, that is, keeping 
up with the leaders. This goal could improve performance by guiding attention, im-
proving motivation and persistence, and promoting the use of goal-relevant strategies. 
The second gamification element in our scenario is cooperation. Cooperation can be 
seen as a behavior that is facilitated by gamification, but it also can be considered a 
game mechanic on its own [31]. Cooperation supports a mutual exchange of ideas, 
knowledge, and skills on the one hand, and it influences psychological variables and 
sentiment (e.g., group norms and social identity), which in turn raise motivation, en-
gagement, and perseverance [32].  

First, the students were arranged in groups of three or four students by the teacher. 
The groups evenly included stronger and weaker students as well as high and low com-
municative students. The groups competed for points by solving mathematics tasks in 
an online interface (Fig. 2). Each student worked separately, however, in the interface 
the students always saw the live results (i.e., the tasks completed and the points) of 
other group members. Assuming that each member (especially the high performers and 
students with highly competitive characteristics) of a group wanted to win the compe-
tition, collaboration and mutual help were possible. High performers were intended to 
support other group members when they encountered those who underperformed. The 
way the students communicated and collaborated was open. On a center screen in the 
classroom, all students saw the live rankings of the groups (Fig. 2) – without infor-
mation about the performance of individuals. By having a public ranking via the group 
leaderboard, low performers were less exposed and perhaps stigmatized due to possibly 
poor performance. This approach was intended to reduce the perception of stress and 
other socially and emotionally detrimental effects for individuals. Technically, the  



6 

       
Fig. 2. Screenshots of the Mathiade app. 

 
interface has been realized in HTML 5 as a browser-based app. Dynamic functions (i.e., 
display of tasks, scoring, display of live results, data storage) have been realized with 
PHP and JavaScript. The backend was a mySQL database. The application consisted 
of an item pool, the student interface, the group leaderboard, and additional adminis-
trative functions.        

2 Study Implementation 

To exemplify the CbKST assessment procedure, we implemented Mathiade for the 10th 
grade in a secondary school in Switzerland. We investigated general performance 
measures, and we used the students’ response data to evaluate and revise the compe-
tence model. The research question is whether the gamification scenario is superior to 
a conventional, non-gamified setting. 

2.1 Participants 

In total, 43 students participated in the study. We recruited four classes of a 10th grade 
of a secondary school in Liechtenstein with 10 to 12 students in each class. The average 
age of the students was 17 years. For the study the class teacher formed heterogenous 
groups (in terms of performance and openness) of 2 to 4 students. For practical reasons 
we assigned the students of the entire classes to either control or experimental group.  

2.2 Procedure and Materials 

All classroom activities were administered by the regular class teacher. Beforehand, the 
teachers were instructed about the procedures and specifically about keeping systematic 
logs about collaborative events during the lesson. First, we made a baseline survey on 
student motivation. A week later, we carried out the mathematics competition scenario 
in two groups, one with and one without gamification. Another week later we carried 
out the scenario again and changed control and experimental group. For the mathemat-
ics competition students had exactly 30 minutes. In both groups, communicating and 
working together in groups was allowed but not explicitly required. Directly after the 
session, we issued the motivation questionnaire again. During the sessions, teachers 
kept logs about any events, specifically collaborative events. For the mathematics com-
petition we developed a set of 120 test items in the domain of fraction arithmetic. The 
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items cover the basic arithmetic operators addition, subtraction, multiplication and di-
vision. Devisor as well as dividend were either integers or fractions. Examples are 5 + 
3/8, 7/9 - 8y, and 6/12 * 7/24. The results had to be entered in text fields, either as 
integer or as a fraction (Fig. 2). In the control group, the students worked on the tasks 
in the form of a paper-and-pencil test. The students were instructed to complete as many 
items as possible within 30 minutes. 

3 Results 

In terms of performance (i.e., correctly solved tasks) we did not find a significant dif-
ference in the gamification condition (GC) as opposed to the control (non-gamification) 
group (CG). In the GC the number of correctly solved tasks was somewhat lower (M = 
41.89, SD = 15.74) than in the CG (61.00, SD = 22.77). The session date (gamification 
in the first session, no gamification in the second and vice versa) had an effect as well; 
in the first session the results were higher (M = 48.87, SD = 29.56) in comparison to 
the second session (M = 32.58, SD = 19.89). Given the study setup, where the cooper-
ation of students was the focus, absolute performance plays a subordinate role, how-
ever. More important is the loss in performance from session 1 to session 2, which is 
an indicator of the students’ motivation. In the gamification condition (GC) the loss in 
performance (22%) is clearly lower than in the CG (69%). Which is a remarkable dif-
ference. A repeated measures ANOVA yielded a non-significant main effect for condi-
tion (p =.157), however, a significant main effect of time (F(1,23) = 17.59, p = .001) 
and a significant interaction (F(1,23) = 13.64, p = .003). This result provides some ev-
idence that gamification can indeed sustain motivation in repeated tasks. The domain 
modelling (section 3) resulted in a surmise relation (Fig. 1, left panel), from which we 
derived the latent competence structure (Fig. 1, right panel). This structure denotes all 
admissible combinations of competences a learner may hold. This is a latent model, 
meaning that the competencies cannot be observed directly. Therefore, we link the com-
petencies to the tasks. In terms of CbKST this linkage is named representation function. 
It specifies all the competencies that are necessary to master a certain task (cf. Table 
2). This linkage results in the set of possible test results, that is, the set of mastered and 
not mastered tasks. If a learner possesses all the competencies that are necessary to 
master a task, this student should in fact master that task. Given that the real answer 
patterns of students may include errors such as slips and lucky guesses the identification 
of competence states is not unique. Therefore, we applied the minimal symmetric set 
distance (MSSD) [24] to analyze the data. This metric represents the difference between 
a given empirical response pattern and the closest competence state. The corresponding 
algorithm is described by [33]. For the hypothesized model (Fig. 1), the mean MSSD 
was 9.03 (SD = 3.69); the maximum set difference for 120 tasks is N/2 = 60. The num-
ber of identified competence states was 6, including the full and the empty set. The 
identified states are bolded in Fig. 1. The average number of tasks presented to students 
was 75.83 (SD = 37.02) a mean MSSD of 9.03 is satisfying in terms of identifying the 
competencies of learners; it means – on average – that 9 of 75 tasks results (12%) de-
viated from the hypothesized model. 
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Table 2. Representation function – linkage of competencies and tasks 
   

Competencies  

  
 

c1 c2 c3 c4 c5 c6 c7 c8 c9 

Ta
sk

s 

1 1 1 1 1 
   

1  

2 1 1 1 1 
   

1  

…  … 

119 1 1 1 1 
 

1 
  

1 

120 1 1 1 1 
 

1 
 

1 1 

 
The evaluation of a model’s goodness of fit, typically arises from the comparison of 
several models, given that there is no ground truth. Such comparisons are beyond of the 
scope of this paper. 

4    Discussion 

In the present paper, we have demonstrated the use of CbKST, a family member of 
CDM, to conduct assessment in situations with a large degree of freedom, as it usually 
occurs in serious games. As opposed to a conventional approach to performance or 
competence assessment, the approach does not result in a single value, e.g., the per-
centage of correctly solved tasks, but in a set of probabilities with which a student may 
hold each of the competencies of a domain. In the presented Mathiade setting, the ad-
vantage is obvious. In the data, we found rather heterogenous and often contradictory 
results, where equivalent tasks were solved and not solved by the same student. When, 
however, computing the solution frequencies we obtain a mean of 0.49 with a SD of 
0.19. By the CbKST-based assessment we could identify the competencies the learners 
hold, ranging from all to none of the competencies. The biggest advantage of the ap-
proach is that it uncovers actionable information about learners. From the identified 
competence states tailored interventions (e.g., providing individual learners with con-
crete learning content) or highly specific feedback can be derived. One can argue that 
the certainty of assessments may be weak. However, the same goes for computing so-
lution frequencies, as discussed above. Other psychometric approaches, for example, 
Item Response Theory, are much more demanding, they require, for example, stand-
ardization studies of tasks. In serious games, this is most likely not possible for cost 
reasons. And, more importantly, in serious games all sorts of actions can be linked to 
certain available and lacking competencies. This concept has been described under the 
term micro adaptivity [34]. The technical implementation, in turn, is more challenging 
since the CbKST approach requires (a) a detailed modelling of the domain and (b) the 
implementation of assessment algorithms. There do exist, however, comprehensive in-
troductions including R Shiny demonstrations (cf. tquant.eu). The modelling proce-
dures described in this paper follow the framework of Evidence Centered Design (ECD) 
[35], which serves as a scaffolding for the realization of CbKST based in-game assess-
ments.  
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